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1 Introduction 



In two articles [TJ [2] henceforth referred to as Paper I and Paper II respectively, a general 
theory was developed for irreducible target space dualityEI for classical sigma models charac- 
terized by a target space M, a riemannian metric g and an antisymmetric tensor field B. By 
irreducible duality we mean that all fields participate in the duality transformation and that 
there are no spectator fields. This rules out the derivation of the important Buscher formu- 
las [3] and also duality in WZW models [I] where the duality transformation is performed 
by gauging an anomaly free subgroup, e.g., see the discussions in [5], El [TJ [101 HH [12]. 
The latter remark requires some explanation. For example, consider a WZW model on a 
compact simple Lie group G where the diagonal subgroup Gn of the symmetry group G x G 
is the anomaly free subgroup that is gauged. Schematically, the prescription to construct 
the dual model is that the original model with fields g is augmented to an equivalent Go 
gauge invariant model with fields g,A, A where A are Gd gauge fields and A are Lagrange 
multipliers that enforce the vanishing of the field strengths. In principle the idea is to elim- 
inate the variables g and A in favor of the Lagrange multipliers A. Naively the original 
model with variables g had dimG degrees of freedom. The dual model with variables A 
would also have dim G degrees of freedom. Unfortunately this procedure does not work for 
a variety of reasons. If by brute force we attempt to eliminate the variables g, A then the 
action for the A fields is nonlocal. We can try to finesse things by using the gauge invariance 
of the theory g — > hgh^ 1 . Unfortunately this does not allow us to gauge g to the identity 
element. The best we can do is gauge g to an element t of a maximal torus T and we have a 
residual T gauge invariance. This residual gauge invariance can be used to gauge rankG of 
the Lagrange multipliers to zero [8]. The A variables can be eliminated and we are left with 
a local action involving only t and the remaining Lagrange multipliers. We note that the 
"£" variables are spectators and thus the methods of Papers I and II do not apply. See the 
worked out example in [9] . Finally we mention why the results of Papers I and II suggest that 
it is impossible to eliminate the variables g, A in favor of a local action involving only the 
Lagrange multipliers A. If q denotes the Lie algebra of G then the Lagrange multipliers take 
values in q*, the dual vector space. This strongly suggests that the duality transformation 
here is related to the cotangent bundle T*G = G x q*. In Papers I and II we showed that 
duality associated with any cotangent bundle T*M implied that M is a compact Lie group 
with the 3-form H being exact in a very specific way. The 3-form in the WZW model is 
topologically nontrivial. 

3 For a list of references see Papers I and II. 
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2 Framework 



The sigma model with target space M, metric g, 2-form B and potential function U will be 
denoted by (M, g, B, U) and has lagrangian density 

1 . . ( dx % dx 3 dx 1 dx 3 \ „ . ^dx l dx 3 TT , , 

+ + — . (2.1) 

We will generally follow the notation and formalism introduced in [U, [2] . In the above we 
have introduced two background fields Aj and Cj that break worldsheet Lorentz invariance 
for the following reason. Assume we have a Lorentz invariant field theory with fields (x\ y a ) 
but where we are not interested in irreducible duality. Namely, only the fields x l participate 
in the duality transformation and the y a fields are spectators. In this case we can regard 
the fields y a as parameters and g, B and U depend on the y a parametrically. In the full 
lagrangian density there may be a term of type K ai (x 1 y)dy a dx l and this will become a 
contribution to the second line of (12. ip when the fields y a are held fixed. The canonical 
momentum density is 

dC 

7li = dx 1 = 9l3±3 + BijX ' J + ' ^ 2 ' 2 ) 

The hamiltonian density may be written as 



2" V m daJ\ J 31 da J 2 mj da da 
+ U(x) + ~g ij AiAj - g ij Ai (ttj - B fl ^j - C~ . (2.3) 

We are interested in studying duality between sigma models with lagrangian densities of 
the type (12. ip . Here we consider a generalization of the canonical transformations considered 
in Paper I that still leads to a linear relationship between the respective 7r and dxj da in the 
two models. The generating function F for the duality canonical transformation will be of 
the form 

F[x(a),x(a)] = a+ / u(x,x)da, (2.4) 



where a is a 1-form on M x M, see Paper I, and u a function on M x M. The canonical 
transformation is given by 

. A dx 3 dx 3 du 

(tt -Bx)i = rriji— + n^- — , 

da da ox 1 

, ~ , dx 3 „ dx 3 du 

(n-Bx) l = m t3 — + nij — + — i , 

where and n^i will be discussed shortly. 
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It is best to now_go to orthonormal coframes on M and M. Let (9 1 , . . . , 9 n ) be a local 
orthonormal coframcl for M. The Cartan structural equations are 

d9 i = -Uij A 9 j , 
duij = —LOik A LOkj + -Rijki@ k A 9 l , 

where w%j = —uJji is the unique torsion free riemannian connection associated with the metric 
g. We remind the reader that the analog of dx l /da in an orthonormal coframe is x l a defined 
by 9 % = x 1 adv. There are similar definitions pertaining to M. 

Following the discussion in Paper I, the canonical transformation may be expressed in 
terms of a 2-form 7 closely related to da on M x M and given by 

7 = -i^- (x, x)9 { A 9 j + m^x, x)9 { A 9 j + -n^x, x)¥ A 9 j . (2.5) 
The 2-form 7 is not closed but satisfies 

dy = H-H (2.6) 

where H = dB and H = dB. The derivatives of the function u are given in the orthonormal 
frame byEI 

du = Ui9 l - u$ . (2.7) 
In terms of the orthonormal frame the canonical transformation may be written as 

(tt - Bx a )i = rrijiX? a + n^x 1 a - u % , (2.8) 
(ff - Bx a )i = rriijX 3 a + fiijx\ - Ui , (2.9) 

where we now interpret the components of tt, tt, B, B, m, n, n to be given with respect to the 
orthonormal frames. 

We digress for a second and make a general observation. Assume we have equal dimen- 
sional vector spaces V and V where we use the notation (-, ■) for the inner product on either 
space. Let L : V — > V be an invertible linear transformation and let Q(v) = v) + (a, v) + b 
be a real value quadratic function on V. There is a corresponding quadratic function Q on 
V. Assume we are told that the affine transformation v = Lv + w maps Q into Q. A short 
computation shows that 

1 ~ 1 1 

- (Lv, Lv) + (a + w, Lv) + b+ (a,w) + -(w, w) = -(v, v) + (a,v) + b. 

Comparing both sides we would conclude that L is an isometry, a + w = La and b = 
b + (a, w) + ~(w, w). 

4 Because we will be working in orthonormal frames we do not distinguish an upper index from a lower 
index in a tensor. 

Note the unconventional negative sign in the definition above. This is introduced to make subsequent 
equations more symmetric. 
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In our case we require the canonical transformation to preserve the hamiltonian densities 
up to a total derivative 

n = n + ^, (2.10) 

da 

where h is a function on M x M. Our canonical transformation, given by (12. 8p and (12.91) . is 
an affine mapping of (x<r,7r) into (x a ,7i). We can use parts of the general argument about 
the transformation of quadratic functions given in the previous paragraph. We have to be 
careful because the derivative in (12.101) modifies some of the conclusions of the previous 
paragraph. The linear part of the transformation must be an isometry, a restriction studied 
in Paper I, where we found 

mm^I-n 2 , (2.11) 
m t m = I-n 2 , (2.12) 
—mn = nm . (2-13) 

If we writ^l dh = hid 1 — hid' 1 then dh/da = hiX l a — hiX 1 a . From this we learn that 

hi = d- rrijiiuj + Aj) - n^Uj + Aj) , 
hi = Ci — rriijiuj + Aj) — Uij{uj + Aj) . 

The problem we have to solve is to find functions u, h : M x M — > M such that 

du = u i e i -u i 9\ (2.14) 
dh = ((Ji — rriji{uj + Aj) — Uij(uj + Aj)j Q % 

- (pi - rriij{uj + Aj)- hij(uj + Aj)j ¥ . (2.15) 

The integrability equations for the system given above, d 2 u = and d 2 h = 0, lead to 
hyperbolic PDEs for u. Finally we observe that there is one more relation that must be 
satisfied for fl2TTU|) to hold: 

U + ~{uj + Aj)(uj + Aj) = U + hjij + Aj)( Uj + Aj) . (2.16) 

Remember that U is a function on M and U is a functions on M so dll = Ui6 % and dll = Ui6 l . 

The generating function for canonical transformations is only locally defined. We could 
ask whether it is possible to give a more global formulation. We think this is possible. Notice 
that of primary interest to us is not the function u but its derivatives. For this reason it is 
convenient to "define" 

Vi = Ui + Ai and Vj = Uj + Aj . (2-17) 

Let Fa be the curvature A = Ai9 l and F? be the curvature of A = Ai8 l . Consider a 1-form 
on M x M defined by 

t = v i e i -v i e i . (2.i8) 



3 See footnote El 
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The equation d 2 u = is replaced by 



di = F A -F A . (2.19) 
In a similar fashion the equation d 2 h = is replaced by 



d 



{rrijiVj + riijVjjO 1 + {m^Vj + n i jVj)9' t = —F c + F c , (2.20) 



where Fc is the curvature of C = C{8 1 and F^ is the curvature of C = Cfi % . Similarly the 
equation for the potentials becomes 



U + ^ = U+ ^u iV * . (2.21) 



3 Pseudoduality 



Here we switch to the framework where we consider the map between the paths on one 
manifold and the paths on the other. We use directly (12.80 . (12.90 and (12. lip to (12.131) . having 
in mind the rest of the discussion as a guideline. In this way we work directly with equations 
of motion what makes the calculations more straightforward; we have a system of PDE's 
for which we obtain the integrability conditions. Moreover, for the 2-dimensional space the 
Hodge duality transforms 1-forms into another 1-forms. We may use it to write the equation 
in geometrical, covariant fashion. 

We restrict to the case A = C = 0. Introducing the lightcone coordinates a ± = t ± a 
the equations of motion for lagrangian (12. ip are 

x%_ = -- H kij x i +x>- - - U k , (3.1) 

where dU = U k 9 k . 

We rewrite the duality transformations (12. 8p and (12.91) in terms of the velocities as 

X T TfljiX^ a -\- TLijX^ a Ui j (3-2) 
X -j- — TYl^jX (j I T^ijX (j * 

Mimicking the computations of Section 3 of [lj we find that 



m* \ / Xrr \ f—n I 



n II \x T + uj \m 0/ \x T + u 



X r 



(3.4) 

We can now mimic the discussion in Section 1 of [13] and restrict ourselves to the special 
case T + = T_. If we lift to the frame bundle as discussed in [H] the pseudoduality equations 
become 

xi + \u l = ± [xl + . (3.5) 

Using the notation from Section 7 of [14J we have the equations of motion may be written 

as 

d{*C) + e tJ A (*e) = \hi^ A e - U { da° A da 1 , (3.6) 
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and the duality equations as 

f + u l da = * (C + u* da ) . (3.7) 

More explicitly we have that 

f = *f + u* da 1 - u* da , (3.8) 

^ = + # da 1 - u l da . (3.9) 



Next we define the covariant derivatives of Ui and Ui by 

dUi + CUjjV = M-j^ + u"jCj j , 



(3.10) 



From d 2 u = we see that 



= (3.11) 



< = (3.12) 



u"j = -u'ji- (3.13) 



The reason for the unusual negative sign in (13.131) is the unconventional definition (12.71) . 

To determine conditions necessitated for the duality equations we study the integrability 
conditions on (13. 8p by taking its exterior derivative 

= --h^ki 5 A £ fe — vTj^ A da 1 + vfjg A da 

- u ni £ A da 1 + v! d g A da 

- FVct 1 A da - ujda A C j + Ujda A f 3 

As in [13] we identify the orthogonal groups in the two frame bundles by requiring that 

+ 2^ijkio = LOij + -Hij k uJ . (3-14) 
Substituting this into the equation above leads to 

- u'^C 3 ' A da 1 + rfg A da 

- l -h l 3k u j e A da° - h l jk i J A t - u'^-f A da 1 



+ fi^-f A d<x° + -h i jh u j l k A da - ^ W 1 A da 
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Next we use the following Hodge duality relations 

£>' A = A *£*), 

(*£*) A da 1 = -f A da , 
(*f ) A c/a° = -f A da 1 , 
A ? = (*?) A ? , 
that we substitute into the integrability conditions to obtain 

= -u'^f A rfa 1 - vTji A da 1 + WjkVpt A da 1 

+ u^-f A da + u"*,-? A da + A da - ^h'jk&t A da 

- Ujif'da 1 A da - h i jk u 3 u k da 1 A da + UjiT'da 1 A da - I^da 1 A da . 

Extracting the information contained in the equation above and the ones obtained by taking 
the exterior derivative of (13.91) we see that 



u'lj + u'ij + h ijk u h = , 

1 ~ 1 
u 'ij + % ~ 2 hijkU + 2 hijk = ° ' 
Ui + u^vP - u'^vP + h ijk u 3 u k = , 

Ki + u ii + hij k u k = , 



From the above we immediately learn that 



1, lr 

Z7f + ulju? — u'( A u 3 + hij k u j u k = . 



hijkfa h{ j fall 

hijkU^u k = . 



3.15) 
3.16) 

3.17) 
3.18) 

3.19) 

3.20) 

3.21) 
3.22) 
3.23) 



An important observation that follows from the above is that if we go back to M x M then 
we expect that u should be a function of both sets of variables, i.e. a nontrivial function on 
M xM. 



<--u^ = 0, (3.24) 

4 - u% + h ljk u k = , (3.25) 

<+< = 0, (3.26) 

< + % = 0, (3.27) 

4-^ = 0, (3.28) 

Ui + u^u' + u'lfi = , (3.29) 

Ui + u'^ + u'!Ju? = . (3.30) 
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The above is consistent with the condition that on M x M we require that 





+ constant, (3.31) 



in agreement with (12.161) 



4 Conclusions 

We obtained a set of nonlinear algebraic equations in a sense they do not contain the deriva- 
tives of x % or x % . The geometric condition (13.141) on connections on M and M is unchanged by 
the presence of the potentials and the conclusions from [H] hold in the case discussed here. 
In addition we have equations (I3.24p to (I3.30p involving second derivatives of the generating 
function u and the derivatives of the potential. Using (13.241) to (I3.28P we can integrate (13.301) 
and (I3.3ip obtaining (I3.3ip which has already appeared as a condition (I2.2ip for hamilto- 
nian density to be preserved . This condition has not been used in the following derivation. 
Having the solution of equations of motion on M the condition (I3.3ip is a constraint for 
the solution on M. There could be however a choice of generating function u by which the 
constraint is satisfied automatically. If with an appropriate choice of coordinate system we 
have r coordinates for which Ui = du/dx l for i = l...r (see (12 .7p . the definition of Ui) using 
the following substitution for the generating function 

u = fi(x + x 1 ) + (7i(x 1 — x 1 ) + ... + f r (x r + x r ) + g r (x r — x r ) 

the condition (I3.3ip has the form 

-(U(x) - U(x)) = /[(x 1 + sViO* 1 " £l ) + - + fr(% r + x r )g' r (x r - x r ) 

We are interested in functions for which the combinations such as j[[x l + x %s )g\{x % — x l ) 
separate into sum of two terms, one being only a function of x l and the other only of x % . In 
general case we still have (I3.24p to (13.281) which give a nontrivial constraint. 
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